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We investigate the ground state density distributions of anti-ferromagnetic spin-1 Bose gases
in one dimensional harmonic potential in the full interacting regimes. The ground state is ob-
tained by diagonalizing the Hamiltonian in the Hilbert space composed of the lowest eigenstates
of noninteracting Bose gas and spin components. The study reveals that in the situation of weak
spin-dependent interaction the total density profiles evolve from Gaussian-like distribution to a
Fermi-like shell structure of N peaks with the increasing of spin-independent interaction. While the
increasing spin-exchange interaction always weaken the fermionization of density distribution such
that the total density profiles show shell structure of less peaks and even show single peak structure
in the limit of strong spin-exchange interaction. The weakening of fermionization results from the
formation of composite atoms induced by spin-exchange interaction. It is also shown that phase
separation occurs for the spinor Bose gas with weak spin-exchange interaction, meanwhile strong
spin-independent interaction.
PACS numbers: 67.85.-d,03.75.Mn,03.75.Hh,05.30.Jp
I. INTRODUCTION
When the Bose-Einstein condensate (BEC) was con-
fined in an optical trap rather than in a magnetic trap,
the atomic spin freedom degrees were liberated and the
spinor BEC [1–3] was realized. In contrast to the single
component BEC, the spinor BEC manifest rich physics
for its rich spin textures [4]. In contrast to the two-species
BEC, the spinor BEC has special internal spin-mixing dy-
namics [5], in which two atoms of m = 0 can coherently
scatter into one atom of m = 1 and one atom of m = −1,
or vice versa. The realization of spinor BEC[6, 7] has of-
fered us a populated platform to investigated the effects
related with the spin in the conventional condensed mat-
ter physics. With the spinor BEC many experimental-
ists and theorists have investigate the formation of spin
domain [8, 9], the exploration of novel quantum phase
[10, 11], the magnetism [12–15], spin textures [4, 16], the
spinor vortex [17–20], the effect of spin-orbit coupling
[21, 22], and spin-mixing dynamics [5, 23–25], etc [26].
Besides the spinor BEC of F = 1, the spinor BEC of
high spin were also paid many attentions to [27–29].
With the development of the experiment technique, the
ultracold atom gas can be confined in highly anisotropic
trap and optical lattices such that the strong correlated
quantum gas in low dimension become available [30–33].
The realization of low dimensional quantum gas fasci-
nated many researchers because before this the presently
real physical systems are just ”toy models” in text-
books, and now we can understand important physics
by parameter-free comparison of theoretical prediction
with measurement. In experiment we can realize not
only the ground state of one dimensional (1D) Bose gas,
∗Electronic address: haoyj@ustb.edu.cn
but also the excited state [34]. The rapid experiment
progresses stimulated significant interest in the low di-
mensional quantum gas for its strongly correlated effect
[35–37].
With the Feschbach resonance and confined induced
resonance technique [38, 39] the inter-atomic interaction
strength can be tuned in the full interacting regime from
infinite attraction to infinite repulsion. In the weakly
interacting regime, the properties of 1D quantum gas
can be described in the mean-field theory. The reduced
1D Gross-Pitaevskii equation can be utilized to investi-
gate its ground state properties. For the 1D quantum
gas in strongly interacting regime, the strong quantum
fluctuations become remarkable and we have to turn to
the non-perturbed method beyond mean-field theory, for
example, the Bethe ansatz [40], exact numerical diago-
nalization method [41, 42], Bose-Fermi mapping method
[43], multi-configuration mean-field theory [45], density-
matrix renormalization group [44], etc. It has been
shown that the weakly interacting Bose gas exhibits the
Gaussian-like Bose distribution, while the strongly inter-
acting Bose gas, i.e., Tonks-Girardeau gas, is fermion-
ized and exhibit the same density distribution as the
spin-polarized fermions [46]. For the strongly interacting
multi-component quantum mixture, composite fermion-
ization are exhibited [42, 47–49]. In addition it was shown
that the quantum mixtures with internal freedom degree
display the ”spin-charge” separation [50, 51] and mag-
netic order [52, 53], etc.
So far the investigation on 1D quantum gas mixture
mainly focus on two-component of Bose gas, Bose-Fermi
mixture and Fermi gas of internal freedom degree, while
the spin-1 spinor Bose gas was not systematically stud-
ied. F. Deuretzbacher etc. presented the exact solu-
tion of spin-1 1D Bose gas in the infinite strong repul-
sion limit with the Bose-Fermi mapping method [54, 55].
The ground state of 1D spinor Bose gas in the full repul-
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2sive interaction regime were also obtained [56, 57], but
the previous results were only restricted on the case with
weak spin-dependent (spin-exchange) interaction [57] and
the case of equal spin-dependent interaction and spin-
independent interaction [56]. The effect of strong spin-
exchange interaction and the competition between spin-
dependent interaction and spin-independent interaction
on rich physics of 1D spinor Bose gas are subjects to
study.
The present paper mainly focus on the effect of spin-
(in)dependent interactions on the ground state density
distributions, both of which can be tuned from weak
interaction to strong interaction. In this situation the
spin-(in)dependent interaction strength might be arbi-
trary value and no exact solution can be employed even
in 1D. We will extend the previous developed diagonal-
ization method [41, 42, 58] to the investigation on the
ground state of 1D spinor Bose gas. By diagonalizing
the Hamiltonian in the Hilbert space composed of ener-
getically lowest eigenstates of the non-interaction Bose
gas and spin states, the ground state wavefunction and
therefore the density distribution of each components will
be obtained. Compared with the single component Bose
gas and two-component mixtures, the internal freedom
degree of spinor Bose gas results in a quite large Hilbert
space. To reduce the dimension of Hilbert space to a fea-
sible size for numerical diagonalization, we execute the
evaluation in the subspace of special total spin.
The paper is organized as follows. In Sec. II, we
briefly review the 1D spinor model in a harmonic trap and
its second-quantized Hamiltonian in the Hilbert space.
The numerical diagonalization method will also be intro-
duced. In Sec. III, we present results of the ground-state
density distributions for the 1D spinor gases in the full
repulsive interaction regime. A brief summary is given
in Sec. V.
II. THE MODEL AND METHOD
We consider N identical bosons with mass m and spin
1 confined in an external potential V (x) = 12mω
2x2. In
the binary collision the total spin is conserved and it is 0
or 2 for two interacting atoms of spin 1. The 1D effective
interaction constant gf is related to the s-wave scattering
length of the total spin-f channel af (f=0, 2) [57, 59–61]
gf =
4h¯2af
ma2⊥
(1− C af
a⊥
)−1,
where C = 1.4603, and a⊥ =
√
h¯/mω⊥ with transverse
trapping frequency ω⊥. With Feshbach resonance tech-
nique and confined induced resonance we can tune the
effective one-dimensional interaction in the full interact-
ing regime.
For the spinor gas its Hamiltonian in the second quan-
tized form can be formulated as [1–3, 5]
Hˆ =
∫
dx
[
Ψˆ†α(x)(−
h¯2
2m
d2
dx2
+ V (x))Ψˆα(x)
+
c0
2
Ψˆ†α(x)Ψˆ
†
β(x)Ψˆβ(x)Ψˆα(x) (1)
+
c2
2
Ψˆ†α(x)Ψˆ
†
α′(x)Fαβ · Fα′β′Ψˆβ′(x)Ψˆβ(x)
]
.
Here the interaction is composed of spin-independent
part and spin-dependent part, which are related with
the interaction constants c0 =
g0+2g2
3 and c2 =
g2−g0
3 ,
respectively. F is the spin-1 matrix. The field opera-
tor Ψˆ†α(x) [Ψˆα(x)] creates (annihilates) an α-component
atom at the position x.
The operator Ψˆα(x) can be expanded in the Hilbert
space, which is constructed by the single particle wave-
functions (orbital) of a particle in harmonic trap φi(x) =
Hi(x) exp(−x2/2)
pi1/4
√
2ii!
with Hermite polynomial Hi(x) =
i!
∑[i/2]
k=0 (−1)k(2x)i−2k/k!/(i− 2k)!, i.e.,
Ψˆα(x) =
L∑
i=1
φi (x) bˆiα
with bˆiα being the destruction operator of the α-
component atom in the ith orbital. The Hilbert space is
complete as long as the orbital number L is large enough.
Thus the many body Hamiltonian will be expressed as
H =
∑
i,α
µibˆ
†
iαbˆiα +
c0
2
∑
αβ
∑
ijkl
Iijklbˆ
†
iαbˆ
†
jβ bˆkβ bˆlα
+
c2
2
∑
αβ;α′β′
∑
ijkl
Iijklbˆ
†
iαbˆ
†
jα′ (F)αβ · (F)α′β′ bˆkβ′ bˆlβ ,
where µi =
(
i+ 12
)
h¯ω and Iijkl =∫
dxφi (x)φj (x)φk (x)φl (x).
By diagonalizing the Hamiltonian in the Hilbert space
we can obtain the ground state wavefunction and there-
fore the interested quantities. For the spinor bose gas
the Hilbert space is composed of orbital wavefunctions
and spin component. The dimension of the Hilbert space
for spin-1 bose gas is CNN+3L−1. As the atomic interac-
tion is strong, more orbitals should be considered and
L should be large enough. In this situation the dimen-
sion of Hilbert space will be so large that the numerical
diagonalization is impossible to be executed. In our eval-
uation we will diagonalize the Hamiltonian in the sub-
space of total spin being conserved. The dimension of
Hilbert space can be reduced enormously in this way. In
the preset paper the space of magnetization M = 0 will
be investigated. The dimension of Hilbert space spanned
by 20 orbitals is 136955 for N = 4, which is feasible for
numerical diagonalization.
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FIG. 1: (color online) Total density distribution of the ground
state for N = 4 with U0 = 100U2. The density profiles of
spin-polarized fermions is plotted in short dash lines.
III. THE DENSITY DISTRIBUTION OF
GROUND STATE
In the following we will study the density distributions
of ground state in the full interacting regime for anti-
ferromagnetic spinor gas (c2 > 0). The density distribu-
tion of α-component can be evaluated by
nα (x) =
〈
GS
∣∣∣Ψˆ†α(x)Ψˆα(x)∣∣∣GS〉
=
∑
ij
φi (x)φj (x)
〈
GS
∣∣∣bˆ†iαbˆjα∣∣∣GS〉 .
The total density profile is given by n(x) =
∑
α nα(x).
For simplicity in the following presentation we will use
the dimensionless interaction Ui (i = 0, 2 and Ui = ci/a0
with the harmonic length a0 =
√
h¯/mω) to denote the
spin-(in)dependent interaction strength.
A. Fermionization of anti-ferromagnetic spinor
bose gases
Usually the spin-dependent interaction U2 is two order
of magnitude lower than the spin-independent interac-
tion U0. In Fig. 1 we display the total density profiles of
ground state for 1D spinor bose gases with U0 = 100U2.
In the weak interaction regime (U0 = 1 here) the den-
sity profiles exhibit the typical Bose distribution of sin-
gle peak, in which atoms populate in the center of the
trap in large probability. With the increase of interac-
tion Bose atoms prefer to seperate each other and the
regime away from the potential center will be occupied
in the increased probability. The half-width of density
profiles become larger. In the strong interaction regime
(U0 ≥ 10) the density distribution display the shell struc-
ture of N peaks. The spinor bose gas is fermionized and
exhibit the same density distribution as that of TG gas
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FIG. 2: (color online) Density distributions of each compo-
nent of the ground state for N = 4 with U0 = 100U2. (a)
U0=1.0 and U2=0.01; (b) U0=5.0 and U2=0.05; (c) U0=10.0
and U2=0.1; (d) U0=50.0 and U2=0.5.
of N Bosons. Both of them are identical to the density
distributions of N spin-polarized Fermions.
The corresponding density profiles of each component
are plotted in Fig. 2. As shown in Fig. 2a-2c, in the weak
interaction regime and middle interaction regime, three
components overlap each other, and spin-1 and spin-(-1)
components have the identical profiles. As the interaction
increases, each component exhibits the same fermionized
behaviour. In the TG limit (Fig. 2d), three components
behave in different way and the phase separation appears.
The 0-component display the structure of double peak at
the regime away from the potential center and its density
profiles is symmetry about the center of the trap. The
±1-component prefer to distribute in the center regime
but they do not completely overlap each other and their
respective profiles are not symmetric about the center of
the trap. The peak of one component appears on the left
side of the trap, and that of the other component in the
right side of the trap.
B. The weakening of fermionization
It is interesting to investigate the effect of strong spin-
exchange interaction in the spinor Bose gases. That
is to say, the spin-dependent interaction is comparable
to or even stronger than the spin-independent interac-
tion. In Fig. 3 we display the total density profiles of
three components when the spin-dependent interacting
strength is equal to spin-independent interacting strength
(U0 = U2). It is shown that with the increase of interac-
tion the single peak structure of the density distribution
embodying the Boson property disappear and the multi-
peaks structure embodying the Fermion property appear.
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FIG. 3: (color online) Total density distribution of the ground
state for N = 4 with U0 = U2.
The stronger interaction leads to the atomic distribution
in wider regimes. Compared with the case of weak spin-
exchange interaction two peaks have been shown in the
middle interaction regime (U0 = 5.0) rather than four
peaks shown only in the TG limit. Another difference is
that only two peaks are exhibited even in the strong inter-
action limit. The spinor Bose gas do not exhibit the com-
plete fermionization behaviour same as the situation of
weak spin-exchange interaction. The fermionization be-
haviour resulting from the strong spin-independent inter-
action become weak because of the strong spin-dependent
interaction. It can be interpreted as the fermionization of
two composite atoms, which are the result of atom pair-
ing for the strong spin-exchange interaction. The com-
posite atoms behave differently from the single atom. As
a comparison, the density profile of two spin-polarized
fermions is plotted in Fig. 3, which is different from the
distribution of two composite atoms quantitatively. The
density distribution has been normalized to the particle
number for comparison.
The corresponding density distributions of each com-
ponent are displayed in Fig. 4. It is shown that in the full
interacting regime three components overlap each other.
They have exactly same behaviour except that the den-
sity profile of 0-component is different from those of ±1-
component in weak interacting regime (U0 = U2 = 1.0).
C. The breakdown of fermionization of spinor Bose
gases
As shown in the previous section, the effect of strong
spin-exchange interaction is to weaken the fermioniza-
tion of Bose gases. In order to systematically investigate
the weakening effect, in this subsection, we fix the spin-
independent interaction U0 = 10.0 and tune the spin-
dependent interaction U2 from 0.1 to 100. The total
density profiles are shown in Fig. 5 for different spin-
exchange interaction. For weak spin-exchange interac-
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FIG. 4: (color online) Density distribution of each component
of the ground state forN = 4 with U0 = U2. (a) U0 = U2=0.1;
(b) U0 = U2=1.0; (c) U0 = U2=10.0; (d) U0 = U2=50.0.
- 4 - 2 0 2 40 . 0
0 . 5
1 . 0
1 . 5
2 . 0  U 2 = 0 . 1 U 2 = 1 . 0 U 2 = 1 0 . 0 U 2 = 5 0 . 0 U 2 = 1 0 0 . 0
 
 
n tot(
x)
x
FIG. 5: (color online) Total density distribution of the ground
state for N = 4 with U0=10.0.
tion the density profiles show typical shell structure of
TG gases with 4 peaks (for example, U2=0.1 and 1.0
here). As the spin-dependent interaction is comparable
with the spin-independent interaction (U0 = U2) the shell
structure of 4 peaks change into the shell structure of
2 peaks for the formation of composite particle of two
atoms. With the further increase of spin-exchange inter-
action (U2 = 100), the shell structure of 2 peaks disap-
pear and there is only one peak in the density distribu-
tion. Thus the fermionization is broken down completely.
The density profiles of each component for U0 = 10.0
are plotted in Fig. 6. In the full interacting regime each
components overlap each other. With the increase of
spin-exchange interaction each component change from 4
peaks structure into 2 peaks structure, and further into
single peak structure. In the weak spin-exchange inter-
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FIG. 6: (color online) Density distribution of each component
of the ground state for N = 4 with U0 = 10.0. (a) U2=0.1;
(b) U2=1.0; (c) U2=5.0; (d) U2=100.0. The density profiles
of two fermionized Bose atoms and noninteracting Bose gases
are plotted in short dash line and short dot line, respectively.
action (U2=0.1 and 1.0), atomic number in the spin-1
component is same as that in the (-1)-component, while
the the atomic number in 0-component is less than that
in ±1-component. As the spin-dependent interaction be-
come strong, three components have the same atom num-
ber. As comparisons, we plot the shell structure of two
peaks for two fermionized Bose atoms in Fig. 6c and the
single peak distribution of non-interacting Bose atoms in
Fig. 6d, for both of which the particle number is normal-
ized to N/3 for comparison. It is shown that the dou-
ble peaks structure of spinor bose gas is similar to but
not same as the fully fermionized single component Bose
gases, and the single peak structure of spinor bose gas
in the strong spin-exchange interaction is also different
from the non-interacting Bose gas.
IV. SUMMARY
In the present paper we investigate the density distri-
butions of anti-ferromagnetic spin-1 Bose gas in a 1D
harmonic trap in the full interacting regime from the
weak interaction to strong interaction for both spin-
independent interaction and spin-dependent interaction.
By diagonalizing the Hamiltonian in the Hilbert space
composed of the lowest eigenstates of single particle and
spin components, we obtain the ground state and its den-
sity profiles.
For weak spin-dependent interaction, the total den-
sity profiles of spinor bose gas transit from Gaussian-
like Bose distribution to Fermi-like distribution with the
increase of spin-independent interaction. Each compo-
nent show the same fermionization transition, but in
the strong spin-indepdent interacting limit three compo-
nents prefer to separate and phase separation appear. As
the spin-exchange interaction is comparable to the spin-
independent interaction, the increasing spin-independent
interaction also induce the fermionized density profiles of
shell structure, but only N/2 peaks appear rather than
the N -peak structure in the case of weak spin-exchange
interaction. If the spin-exchange interaction increase fur-
ther and is even stronger than spin-independent interac-
tion, the shell structure embodying fermionization disap-
pear and single-peak density profiles are shown. The dis-
appearance of N -peaks shell structure of the density pro-
files can be interpreted as the result from the formation
of composite atom induced by the strong spin-exchange
interaction. The comparison with the density distribu-
tion of spin-polarized fermions shows that the behaviors
of the composite atoms are same as the spin-polarized
fermions qualitatively rather than quantitatively. An-
other effect of strong spin-exchange interaction is that
each component exhibits the exactly same behaviors.
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